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HMAER vector-to-vector surrogate. CH=E 2 MLP scaling,

sampling, & 2X}e} =X residual.

5™ sequence-to-sequence surrogate. Window MLP, &fE{f 0],
RNN/LSTM, direct prediction, rollout, #& ¢l 2.

Physics-informed learningd} KKT-hPINN. Residual loss, At&0|&,
MY 54 projection, KKT § =2} rank =4,

ReLU 2 ZXO| exact MILP embedding. 4!42 graph, binary
variable, Big-M =, &%} activation bounds®} scaling.

Embedding & %: bounds, OMLT, horizon. Bound tightening, LP
relaxation, MIP gap, OMLT, affine projection layer@ 38t horizon
ReLU 2 &

ICNN/PICNNI} =#H
17 context, M Bhakar S4] gy,

3™ 9IAAE ™A workflow. SIAIZE K™ A} extrapolation,
feasibility, 24, 38 =& HASat ojo[g =7t
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Boyd & Vandenberghe 2-4% & X8 W-&; OMLT A E.
KKT-hPINN 1-3E & MLP2} 5 surrogate 24 2.
Sutskever et al. 1-2&; DeepONet A2 (41 EH),

Raissi et al.2| PINN formulation; Chen et al. 3&1t MY 58 A

Anderson et al.2| formulation 7| &2} RelLU formulation.

OMLT =&2-2A{; Anderson et al.2] Z3%t formulation & X| ™ L|&.

Amos et al. 3= 1} Supplement B.
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https://sunboogermany.github.io/courses/surrogate-models/week-01/

XNEeE 22 ol SA0|Ch OiF o] == THME AEF 27F6HK| R=LCt A5 formulation S 1t operator
learning =&2 MEf L& O|C},

* Convex optimization 7|=: S. Boyd2} L. Vandenberghe, Convex Optimization (2004). 2-47%2| convex set,
convex function, epigraph, =Mt 24| 23 WHES 211, duality@l KKT= 5822 SO0t2Ct 4 Wxj-
C22E - EE364a S2I0|E.

e |CNN/PICNN: B. Amos, L. Xu, J. Z. Kolter, Input Convex Neural Networks, ICML (2017). 382 T+Z& &=,
Supplement B= RelLU/linear unit| LP inferenceE 4 E3tCt =& - PDF - Supplement.

® RelLU formulation: R. Anderson, J. Huchette, W. Ma, C. Tjandraatmadja, J. P. Vielma, Strong mixed-integer
programming formulations for trained neural networks, Mathematical Programming (2020). 37 ® 1=
2018 NME ME==IA 2 2020 +=FEACH S7H |

* Embedding 2ZES||0]: F. Ceccon, J. Jalving, J. Haddad, A. Thebelt, C. Tsay, C. D. Laird, R. Misener, OMLT:
Optimization & Machine Learning Toolkit, IMLR 23(349), 1-8 (2022). =&:-PDF - A E - M.

® PINN: M. Raissi, P. Perdikaris, G. E. Karniadakis, Physics-informed neural networks: A deep learning
framework for solving forward and inverse problems involving nonlinear partial differential equations,
Journal of Computational Physics 378, 686-707 (2019). A =&, 2t 201749 Part | 1= 371 Y&
Az2 280ttt 2T ot =21 et B2 OfLCt 2017 Part |.

e KKT-hPINN: H. Chen, G. E. Constante Flores, C. Li, Physics-informed neural networks with hard linear
equality constraints, Computers & Chemical Engineering 189, 108764 (2024). 8 =& - 37| ¢ - A E.
HlolE.

* Sequence learning 7| X: |. Sutskever, O. Vinyals, Q V. Le, Sequence to Sequence Learning with Neural
Networks, NeurlPS (2014). ¥ ==2| 82 HI0|H, O] Z#2lol 3d HH M52 B2 UE U
Ol MICE =&
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Convexity®} LP SX|‘d2 convex targetO] L%l B = OO A HX =QISICEH ICNN A 247t convex2te
AHA O] A K| CSTRL} flowsheet2| 2& Z20| convexit= £ OfL|Ct,

1ZX10fl= Python, NumPy, MatplotlibO| Z R 3}C}. 0|F PyTorch, Pyomo/OMLT2} M &S solverE AZ{$HCE &
A& L notebookdt S Python 23 ZEE o7 HISI22 Jupyter?t Z4=£ OfLILCE

0| 1}50f|A| exact®} hard?7} =£5t= A

* Exact embedding: FA|SH R0 ot5 = nYE o5 BHOICE 2| SFO| Cist 2A LXE
AOHX| =Lt A EX7F MILPRIX| & LIHX] SX a9t H 2oz Ea QUCE

* LP reformulation: ReLU/linear ICNN 7%, T3 =l PICNN context, 9§23t H|-24 1}, HA3st epigraph
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https://web.stanford.edu/~boyd/cvxbook/
https://web.stanford.edu/~boyd/cvxbook/
https://web.stanford.edu/class/ee364a/lectures.html
https://proceedings.mlr.press/v70/amos17b.html
https://proceedings.mlr.press/v70/amos17b/amos17b.pdf
https://proceedings.mlr.press/v70/amos17b/amos17b-supp.pdf
https://arxiv.org/abs/1811.01988
https://jmlr.org/papers/v23/22-0277.html
https://github.com/cog-imperial/OMLT
https://omlt.readthedocs.io/en/stable/
https://doi.org/10.1016/j.jcp.2018.10.045
https://arxiv.org/abs/1711.10561
https://doi.org/10.1016/j.compchemeng.2024.108764
https://arxiv.org/abs/2402.07251
https://github.com/li-group/KKThPINN
https://github.com/li-group/KKThPINN
https://proceedings.neurips.cc/paper_files/paper/2014/hash/5a18e133cbf9f257297f410bb7eca942-Abstract.html
https://www.nature.com/articles/s42256-021-00302-5
https://arxiv.org/abs/2507.08124

* Hard constraint: KKT-hPINN2 3 & 7} 5}0f A EH/\IEJ ULHE M SAS X AL A HR 0 A
DREA[ZICH =4, MY Eost otEd, 2 2T A E XS 2 BEAF|X= =0t
* Physics-informed E‘*'°I =zt &8: o5 loss?7t 1Y E predictor?| X SFE AFSHX| Y=Ct.
A

ReLU backboned| 11 affine 54! projections = 0| piecewise affine #Z2E FX|2tCE Smooth E&=
H| M4 projection2 Z RC.’_F formulation2 HtE == QUCH

L2 3 T2HE

O3 =4 R E= 28 oS 4 7tsth =l X0 HZsn} 2F EaMo= HojH E9Y, ¢ 2,
BY FX, OF-E JHSK], scaling, formulation 7Hd, solver-Z & &EH, X} AS & simulatorE FA[BHCE

=8 d7rgat dEiot oA ZE XH ZR0AM oS @Xtet K|of 9t Botottt dMd2 7| 38 2282
H| @S GridLt local solverE 7|=2 2 AERMCHH grid £+ local benchmark2t A0, QIS E 3 MY
A2t F=X| gh=Ct

AE S50 M= 2| formulation?] d=Hd, MR, QAEE SR 27, 2 A Hfeasibility =X 0f Chet
Hotot 212 TR2NEES HIISICH O|2tE solvelt MOt TN E FSAH E0stH |83t 27t =Lt
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